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Abstract 
Stiffness of mechanical systems of machines with heavy demands on their accuracy, precision and productivity such as machine tools, 
coordinate measuring machines, and industrial robots presents one of the most important design criteria. However, stiffness evaluation in 
the general case when force-and-torque load coupling takes place leads to some problems. The problems are associated with physical 
distinction between translational and rotational stiffness values manifested, in particular, in their different units of measurement. To 
overcome a majority of the difficulties, a new performance index – the collinear stiffness value (CSV) presenting an equivalent stiffness 
(compliance) value during simultaneous linear and rotational displacements – is developed and represented in static and dynamic versions. 
In this presentation, the CSV is used to formulate a new design-related dimensionless criterion: the ratio of the minimal CSV to stiffness 
value of the drive system, which usually presents a weak point of the modern machines. The CSV-based approach is applied to quantitative 
formulation of the significant advantage from the stiffness viewpoint of the orthogonal serial-kinematics machines (SKM) compared with 
the parallel-kinematics machines (PKM): (a) the parameters-of-motion-depending variations of the minimal CSV of the SKM in their 
workspace are, as a rule, one-two orders of magnitude less than those of the PKMs; (b) the stiffness-limited workspace of the SKM is more 
than that of the PKM. Application examples are simulated. 
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1. Introduction 
In recent years, the manufacturing industry has seen a 
rise in the demands for accuracy, precision and increased 
productivity of machined components. To achieve the 
needed precision, machine tool manufacturer should 
identify the most significant characteristics defining the 
machine performances and apply multi-variable 
optimization techniques during the design process. Stiffness, 
the capacity of mechanical system to sustain loads without 
excessive changes of it geometry (deformations) [1], it is 
one of the most important design criteria for mechanical 
components, systems and machine tools. The stiffness has a 
direct impact on the position accuracy and presents one of 
the key parameters used for comparison of machine tools 
with different kinematic types [2,3–5]. In many structures as 
machine tools, there are critical directions along which 
deflections must be minimal (i.e., stiffness must be 
maximized). In this context, the stiffness performance 
indexes are intensively investigated [7–8]. Since the 
elements of the stiffness matrix are of heterogeneous units 
of measurement, there are difficulties in application of a 
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matrix trace, non-zero eigenvalues, and condition numbers 
to direct evaluation of the structural stiffness. To overcome 
the heterogeneity problem a new performance index – the 
collinear stiffness value (CSV) – is developed and 
represented in static and dynamic versions [1, 2]. The CSV 
has natural units of measurement and takes the value 0 in 
the cases (and only in such cases), in which the regular 
defined stiffness value is equal to zero: in singular 
configurations of the parallel-kinematics machines in statics 
and in any configuration when its vibration frequency 
becomes the natural one. The CSV is configuration-
dependent, and its minimal CSV allows limitation of the 
workspace according to stiffness requirements and 
construction of virtual barriers preventing approaching the 
configurations with non-tolerable stiffness.  
In this paper, a new design-related performance index 
using the CSV-based approach is formulated and applied to 
stiffness evaluation in the machine workspace: the ratio of 
the minimal CSV to a stiffness value of the motion-
actuating drive. As is known from the modern design 
practice, the drive usually presents a weak point of the 
mechanical system from the stiffness viewpoint [1]. This 
ratio named “stiffness rating” allows quantitative 
evaluation of the following important design parameters: 
(i) decreasing the structure stiffness in the machine 
workspace as compared with its weak element; and (ii) 
variation of the stiffness rating in the machine workspace 
caused by functional motions of machine units.  As a new 
important application, the CSV-based approach is used for 
quantitative comparison of the machines (SKM) with 
different kinematics according to absolute values of 
stiffness parameters and their variation in the machine 
workspace. Application examples are simulated. 
2. Collinear stiffness value: Definitions and 
formulations 
 
2.1. General definitions 
When a machine tool performs a given task the tool 
exerts force and/or moment on the workpiece and on the 
machine tool structure. This contact force and/or moment 
will cause the tool to deflect away from its desired planed 
location depend on the machine tool structural stiffness. 
The overall stiffness of a machine tool depends on several 
factors, including the machine elements configuration, 
material, the mechanical transmission mechanisms, the 
slides, and the controller. The information about stiffness 
of the machine in a given configuration consists of the 6×6 
Cartesian stiffness matrix K connecting static wrench f and 
twist δ, 
 
f = K δ              (1) 
 
where f = [Px, Py, Pz, Tx, Ty, Tz]T is the 6×1 vector of active 
forces and torques acting along the X-, Y-, Z-axis (in N and 
N-m/rad, respectively); and δ = [δx, δy, δz, δθ, δψ, δφ]T is the 
6×1 vector of magnitudes of linear and angular 
displacements of a body (in m and rad., respectively). 
The traditional definitions of stiffness values are 
defined for two partial cases of body displacements: either 
pure translation or pure rotation [1,2,5,6]. In the former 
case, the stiffness value presents the force induced by unit 
linear displacement, and in the latter case, it is the torque 
induced by unit angular displacement. However, in the 
general case, in which the body experiences both force and 
torques, the traditional definition of the stiffness value is 
inapplicable since the Euclidian norm of the vector δ has 
no physical meaning because of the heterogeneity of its 
units of measurement. To evaluate the stiffness value in the 
general case, when a body after being subjected to both 
angular and translational displacements, the collinear 
stiffness value (CSV) is proposed [7,8]. 
 
kcol = sT K s                                                                (2)    
 
where K is the stiffness matrix, Eq. (1), and s is the unit 
screw [6], defined through the screw directional cosines cx, 
cy, cz with |cx, cy, cz| = 1 and translations nx, ny, nz; screw s 
has two forms – the unit rotational screw sr and the unit 
rotational screw st - depending on values of angular 
components δθ, δψ, δφ, entering in the screw δ, Eq. (1),   
 
sr = [nx, ny, nz, cx, cy, cz]T, for |[δθ, δψ, δφ]| ≠ 0          (3) 
st = [cx, cy, cz, 0, 0, 0]T, for |[δθ, δψ, δφ]| = 0          (4) 
 
The CSV kcol, Eq. (2), presents the natural evaluation of 
the stiffness value in any given configuration, both regular 
and singular, associated with the stiffness matrix K. It is 
the minimal value of the CSV that is of primary concern to 
engineering design. Since the CSV is defined in two forms, 
Eqs. (3) and (4), the minimal values are also defined in two 
forms – minimal rotational CSV (kr)min and minimal 
translational CSV (kt)min: 
 
(kr)min = min (srT K sr)             (5) 
(kt)min = min (stT K st)             (6) 
 
where minimum is found out for all possible values nx, ny, 
nz, cx, cy, cz associated with the given configuration. 
Hence, there are two minimal stiffness values 
associated with each machine configuration. A procedure 
for calculation of the minimal values (kr)min and (kt)min use 
the Lagrange multiplier method [7,8].  
In terms of the minimal CSV, Eqs. (5) and (6), a 
dimensionless design-related performance index can be 
formulated and applied to stiffness evaluation in the 
machine workspace: the ratio of the minimal CSV to a 
stiffness value of the rotation-actuating drive krot and 
translation-actuating drive ktr, 
 
[ = (kr)min/ktr               (7) 
] = (kt)min/krot              (8) 
 
These ratios named a stiffness rating. Choosing the 
drive stiffness values as a reference point for stiffness 
rating is explained derives from two evident facts: (a) the 
drive makes an integral part of a machine, and (b) as is 
known from the modern design practice, the drive usually 
presents a weak point of the serial-type mechanical 
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systems from the stiffness viewpoint [1]. In what follows, 
as a reference translational stiffness is chosen ktr = 107 or 5 
× 106 N/m. 
Thus, the stiffness rating values [ and ] of the SKM 
cannot be more than drive stiffness values krot and ktr, i.e., 
for the SKM, 
 
[ < 1and ] < 1             (9) 
 
It is clear that the greater (closer to one) is the stiffness 
rating, the better is machine stiffness.  
For the PKM, stiffness rating values can be more than 
1. However, usually this takes place in the limited 
workspace. See the calculation of the Gough-Stewart 
platform stiffness below. 
An additional performance index using the CSV-based 
approach is a stiffness rating variation defined as a ratio of 
the maximal and minimal stiffness rating over all machine 
configurations,   
 
Var [ = [max/[min             (10)   
Var ] = ]max/]min             (11) 
 
In the majority of instances, the smaller is the stiffness 
rating variation, i.e., the closer it to one, the better is 
machine stiffness characteristics. 
A theoretical case can be considered, in which [ = 1. 
Actually, the XYZ translational triplet composed from 
three rigid bodies with rigid guideways is characterized by 
translational stiffness rating [ = 1 since the unique 
compliance element of each of the three translational units. 
Thus, [ = 1.  Obviously, in this case, the stiffness rating 
variation is also one, Var [ = 1. In the real cases, in which 
the structural compliance of machine parts and contact 
stiffness of guideways have to be taking into account, we 
have [ < 1 and Var [ > 1. 
In the following sections, two different architecture 
types of machine tools will be examined using the collinear 
stiffness value approach: the tripod based machine and 5-
axis serial type machine tool.  
3. Application examples 
3.1. The Tripod based machine 
 
The tripod-based five-axis machine is shown in Fig. 1.  
 
 
Fig. 1 Tripod-based machine 
 
Translations along the X- and Y-axes are actuated by 
individual motors. Vertical position zp of moving platform 1 
and angles θ and ψ defining a horizontal slope of the platform 
result from active motions of sliders 2, 3 and 4 along vertical 
guideways 5, 6 and 7. Connecting rods 8, 9 and 10 are 
attached to the platform and sliders through spherical joints bi 
(i=1, 2, 3) and revolute joints Qi, respectively (Fig. 1). 
Platform-mounted spindle 11 performs the rotational cutting 
motion (main motion) of cutting tool 12 for milling-drilling 
operations. The columns with the guideways are mounted on 
fixed base 13. The XY motions of workpiece 14 are carried 
out by table 15 and carriage 16. 
Calculations of compliance and stiffness matrices and 
performance indices are listed in article [8]. Obviously, the 
minimal CSVs are independent of the height position of the 
platform. The minimal TSV and RSV are shown in Figs. 2a 
and 2b, respectively, vs. angles θ and ψ in the range ±20° at 
intervals of 5°. The dimensionless TSV ξ present the ratio 
between the actual TSV and stiffness value associated with 
the stiffness values of the actuator (kact = 107 N/m). The 
stiffness value of the limbs for bending is kb = 5×106 N/m. 
The radial stiffness of the joints is 108 N/m 
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(a) 
 
(b) 
 
Fig. 2. Stiffness characteristics vs. angles θ and ψ: 
 (a) translational stiffness rating; (b) natural rotational CSV. 
 
The obtained stiffness-related indices are used for 
estimating the machine workspace where predefined stiffness 
limits are satisfied. Additionally, the CSV-based approach 
reinforces the fact that the weak elements of the machine 
mechanics are the limbs, and increasing their bending 
stiffness is desirable. To illustrate this statement, the influence 
of bending stiffness of the limbs on minimum translational 
and rotational CSVs is shown in Fig. 3a, b, respectively, vs. 
angle θ for ψ = 0. Red line in the plots corresponds to 
kb=5×106 N/m considered in numerical example. 
 
3.2. The TSV of the 5-Axis Machine Tool with Serial 
Kinematics 
A 5-axis serial kinematics vertical milling machine is 
shown in Fig. 4. The planar static problem is considered for 
simplicity. The minimal dimensionless (ξt )min = (ktr)min/kact, 
resulting in maximum load-induced displacement of the tool 
relative to the workpiece, takes place when three compliance 
values are added together: 
 
       
(a) 
 
(b) 
 
Fig. 3. Stiffness characteristics vs. angle θ and value kb of the limb stiffness: 
(a) translational stiffness rating; (b) natural rotational CSV. 
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where kact, is the stiffness value of the Y-axis translational 
servomotor considered as a tension-compression spring. kr is 
the stiffness value of the tilting drive considered as a torsion 
spring acting on arm H; km = 3EI/(Lm)3 is the stiffness value 
associated with the displacement of the column as a cantilever 
beam C0C when the milling head is located at the mean height 
Lm. μ is dimensionless factor depending on the active forces 
and structural dimensions. In Fig. 5a, the dimensionless ξt vs. 
vertical displacement of the milling head in the range h = 
±175 mm and angle of rotation around the horizontal axis in 
the range θx = 0 ÷ 45°, for the stiffness value of the rotational 
drives krot = 6 × 106 N-m/rad, is shown. The minimal ξt lies 
within a very narrow limits 0.70 ÷ 0.72, i.e., has only a weak 
dependence on specific values of parameters h and θx. 
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Fig. 4. 5-axis serial-type machine tool 
 
The dominant factor is compliance of the rotational drives. 
In Fig. 5b, the stiffness rating ξ vs. vertical displacement h and 
ratio υ = kact/krot, for θx = 0°, is shown. Value ξt > 0.5 is 
provide when krot > 2.31× 106 N-m. 
 
(a)                                              (b) 
 
Fig. 5. Stiffness rating ξ vs. vertical displacement h of the milling head, with: 
(a) angle θx = 0-45°, (b) ratio υ =1/ξ  for θx=0° 
4. Brief discussion 
The following Table gives comparison of the stiffness 
indexes in the considered cases. For completeness results of 
stiffness investigation relating to the Gough-Stewart platform 
[7,8] are added. Since a designer has to maximize the stiffness 
ratings and minimize their variation in the machine 
workspace, we can conclude that the best stiffness 
characteristics have the serial-type machines, while the tripod-
based parallel-kinematics machine ranks below in stiffness 
rating, and Gough-Stewart platform mechanism ranks below 
in both stiffness rating and stiffness rating variation.  
 
 
Comparison of the machine stiffness-related parameters 
Description 
Stiffness 
rating [ 
Variation 
Var [ 
Stiffness 
rating ] 
Variation 
Var ] 
1-DOF backlash-free unit 
on rigid supports 1 1 1 1 
2 and 3-DOF backlash-free rigid units for 
orthogonal XYZ translations 1 1   
Case study: 
5-axis (serial-type) machine tool 0.72 ÷ 0.74 1.028   
Case study: 
 5-axis (parallel-kinematics) tripod machine 0.094 ÷ 0.1 1.064  1.21 
Gough-Stewart platform* 
 0 ÷ 2 ∞  ∞ 
Gough-Stewart platform* in considerable 
workspace 0.5 ÷ 2 4  4 
 
*The mechanism is considered as a set of rigid bodies. 
 
5. Conclusions 
The collinear stiffness value (CSV) concept associated with a 
given configuration of serial and parallel machine tools is 
considered. As an application of the developed approach, the 
workspace of the Tripod based machine tool and serial type 
vertical milling machine tool satisfying specific stiffness 
limits is investigated. The CSV approach allows 
quantitatively display the following important fact: the 
kinematics-dependent stiffness variation in the SKMs is 
basically defined by structural stiffness of the machine parts, 
while the PKM systems add to that also the significant 
dependence of PKM stiffness on the mutual orientation of the 
machine drives. Actually, stiffness of the serial machine in 
Fig. 4 significantly depends on the bed stiffness variation, 
while stiffness of the Tripod machine depends on both 
stiffness of the platform limbs and on stiffness variation due 
to changing in the orientation of the moving platform.  
Two dimensionless performance indexes – the stiffness 
rating [ and its variation for translational units 
(correspondingly, the stiffness rating] and its variation for 
rotational units) – are used for quantitative comparison of the 
machines with different kinematics. Results displayed in the 
Table show that the relatively better stiffness characteristics 
have the serial-type machines and the considered parallel-
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kinematics machines rank below in stiffness rating or/and 
stiffness rating variation.  
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